We review the notion of a symplectic or orthogonal vector bundle W over a complex projective smooth curve X, and the connection between principal parts and extensions of locally-free sheaves. In the case where W has rank 2n, we describe almost all of its rank n vector subbundles using graphs of certain sheaf homomorphisms, and give a criterion for isotropy.
Introduction
Throughout this paper, X is a complex projective smooth curve of any genus, with structure sheaf O X and function field K(X).
Symplectic and orthogonal vector bundles
A vector bundle W → X is symplectic (resp., orthogonal) if there exists a bilinear nondegenerate antisymmetric (resp., symmetric) form , on W × W with values in a line bundle L. We shall often need the following result.
Proposition 1 Let F → X be a vector bundle, L → X a line bundle and α : F → Hom(F, L) a vector bundle map over an open set U ⊆ X. Then the transpose of α can also be viewed naturally as a map F → Hom(F, L).
Proof:
Suppose the bundles F and L have transition functions {f ij } and {l ij } respectively relative to an open cover {U i : i ∈ J} of X. Then α is given by a cochain {α i } of n × n matrices which satisfy
Taking transposes, we have
since the l ij commute with the other transition functions. This shows that t α naturally defines a map F → Hom(F, L) over U .
Remark: A similar statement holds for maps Hom(F, L) → F .
By this proposition, it makes sense to speak of symmetric and antisymmetric homomorphisms Hom(F, L) → F . We denote these by Sym(Hom(F, L), F ) and (Hom(F, L), F )) respectively.
Two immediate consequences of the nondegeneracy of , are:
• The form defines an antisymmetric or symmetric isomorphism
• W is symplectic only if W has even rank, since skew-symmetric matrices have even rank.
We shall henceforth restrict ourselves to the case where rk W = 2n, even if W is orthogonal. A subbundle of W is isotropic if , restricts to zero on it. For any subbundle F ⊆ W , we have the short exact vector bundle sequence
where the surjection is the map w → w, · | F and
is the orthogonal complement of F . Clearly F is isotropic if and only if F ⊆ F ⊥ ; this shows that the rank of an isotropic subbundle is at most 1 2 rk W . An isotropic subbundle of rank n is called a Lagrangian subbundle.
Principal parts and extensions
Firstly, we fix some notation. We denote the sheaf of regular sections of a vector bundle by the corresponding script letter. For a vector bundle F → X, we have an exact sequence of O X -modules
where Rat(F ) is the sheaf of rational sections of F and Prin(F ) the sheaf of principal parts with values in F . We denote their groups of global sections by Rat(F ) and Prin(F ) respectively. The sheaves Rat(F ) and Prin(F ) are flasque, so we have the cohomology sequence
We denote s the principal part of s ∈ Rat(F ), and we write [p] for the class in H 1 (X, F ) of p ∈ Prin(F ). Now for vector bundles E and F over X, it is well-known that an extension
is determined up to isomorphism of extensions by its cohomology class δ(W ) ∈ H 1 (X, Hom(E, F )). Moreover, it can be shown that there exists a unique principal part p ∈ Prin(Hom(E, F )) such that the sheaf of sections W is of the form
e is regular and f = p(e) .
Following [3, Ch. 6], one proves as for the case where F and E are invertible that two principal parts define isomorphic extensions if and only if they differ by the principal part α of some α ∈ Rat(Hom(E, F )), and that the cohomology class δ(W ) is just [p] .
In the following sections we give a criterion for a certain extension of vector bundles to be symplectic or orthogonal, and review some linear algebra. We then put these ideas together with an approach from [5] to describe almost all rank n subbundles of a symplectic or orthogonal vector bundle of rank 2n, and give a criterion for the isotropy of such a subbundle. We give a brief discussion of the wellknown case n = 1 and conclude by sketching how these results might be applicable to the study of moduli spaces of symplectic or orthogonal bundles over curves.
Symplectic and orthogonal extensions
Let W → X be a symplectic or orthogonal vector bundle of rank 2n and let F ⊂ W be a Lagrangian subbundle. Then W is an extension
Conversely, it is natural to ask for which extension classes δ(W ) this sequence is induced by a bilinear antisymmetric or symmetric form. We prove the following criterion, which was suggested to me by Prof. S. Ramanan.
Criterion 2 An extension 0 → F → W → Hom(F, L) → 0 carries a symplectic (resp., orthogonal) form with respect to which F is isotropic if and only if W is isomorphic as a vector bundle (not necessarily as an extension) to an extension whose cohomology class belongs to
Proof
We prove the criterion for the symplectic case; the orthogonal case is practically identical.
⇐: Firstly, suppose δ(W ) is actually symmetric. By the above discussion, there exists p ∈ Prin(Hom(Hom(F, L), F )) such that the sheaf W is
(1) To say that δ(W ) = [p] is symmetric is to say that t p − p = α for some α ∈ Rat(Hom(Hom(F, L), F )). Clearly any such α is antisymmetric; thus, replacing p by p + α 2 if necessary, which does not change the cohomology class of the extension, we can assume t p = p.
We recall that the standard Rat(L)-valued bilinear nondegenerate antisymmetric form
By the description in (1), for any ( For the general case, we note that this form pulls back to give the required symplectic structure to any vector bundle isomorphic to W , which need not be isomorphic as an extension.
⇒:
One knows that the cochain {δ ij } is a 1-cocycle with coefficients in the vector bundle Hom(Hom(F, L), F ), whose cohomology class
is just the class δ(W ). The symplectic form is given with respect to {U i } by a cochain {Ω i } of antisymmetric matrices which satisfy
on the intersection U i ∩ U j for all i, j ∈ J, since , defines a homomorphism W → Hom(W, L). We write
where {A i }, {B i } and {C i } are M n,n (C)-valued cochains and all the A i and C i are antisymmetric. Firstly, we see that every A i ≡ 0 because F ⊂ W is isotropic.
Expanding condition (2), we see that
so {B i } defines an endomorphism of F * . Since all the A i are zero but the form is nondegenerate, this must be an automorphism. Also by (2), we have
whence we see that the difference between the cocycle {f 
It is clear that the 1-cocycle { t B i δ ij } defines an extension isomorphic to W as a vector bundle.
Remarks:
1. If F is simple (for example, if F is stable) then the cocycle {δ ij } will itself be symmetric because B i ≡ λ · Id for some λ ∈ C * .
2. If W is an orthogonal vector bundle of rank 2 and F ⊂ W is an isotropic line subbundle, then W ∼ = F ⊕ F −1 L since 2 F = 0.
Vector subbundles and graphs
Firstly, we recall some linear algebra. Let K be a field and M and V vector spaces over K of dimensions 1 and n respectively. The standard bilinear nondegenerate antisymmetric form
The following lemma is quoted for M = K in [5, Example 1.5]:
Lemma 3 (i) There is a bijection between Hom K (Hom(V, M ), V ) and the set of n-dimensional K-vector subspaces of
which intersect V in zero, given by associating to a map α its graph Γ α .
(ii) Γ α is isotropic with respect to , if and only if α is symmetric.
Proof: This is straightforward to check.
We return to the case where W is a symplectic extension
) and sheaf of sections W p . We consider vector subbundles E ⊂ W of rank n whose projection to Hom(F, L) is generically surjective. Now we notice that Rat(F ) and Rat(L) are vector spaces of dimensions n and 1 respectively over K(X), the field of rational functions on X. Moreover, there is a canonical isomorphism of K(X)-vector spaces Rat(Hom(F, L))
The main result of this paper follows; it is a generalisation of the construction in [5, Example 1.7] to the case where W may be a nontrivial extension.
Theorem 4 There is a bijection
The bijection is given by α ↔ Γ α ∩ W p ; the inclusion of this subsheaf in W p in fact corresponds to an injection of vector bundles.
Moreover, E is isotropic with respect to , if and only if α is symmetric.
Proof:
Let E ⊂ W be a vector subbundle of rank n intersecting F in zero except at a finite number of points. Then Rat(E) is a K(X)-vector subspace of
of dimension n which intersects Rat(F ) in zero. By Lemma 3 and the remarks just before this theorem, Rat(E) is the graph Γ α of some uniquely determined
Then E = Γ α ∩ W p because a regular section of E is the same thing as a rational section of E which is a regular section of W .
Conversely, suppose α ∈ Hom K(X) (Rat(Hom(F, L)), Rat(F )). Then we claim that Γ α ∩ W p =: E α is a locally free subsheaf of W p which in fact corresponds to a vector subbundle E α ⊂ W with the required properties. By the definition of Γ α and the description (1) of W p , we have
This is clearly isomorphic to the kernel of the map
.) But since any principal part is supported at a finite number of points, (E α ) x ∼ = Hom(F, L) x for all but finitely many x ∈ X. Hence E α has rank n and projects surjectively to Hom O X (F, L) at all but a finite number of points of X. We now check that E α actually corresponds to a vector subbundle of W . The inclusion E α induces a short exact sequence of O X -modules
where Q is coherent. Let E ′ denote the inverse image by q of the torsion subsheaf T of Q. By construction, E ′ corresponds to an injection of vector bundles E ′ ֒→ W . But in fact Rat(E ′ ) = Γ α ; this is because E ′ is contained in E α (D) for some divisor D on X, so they have the same sheaf of rational sections. Hence E ′ = Γ α ∩ W p = E α , so in fact E α corresponds to a vector subbundle E α ⊂ W .
It is not hard to see that these constructions are mutually inverse, and the criterion for isotropy follows from Lemma 3 (ii).
We make an observation:
Lemma 5 The K(X)-linear map α associated to E α ⊂ W is everywhere regular on E α .
If the supports of p and α are disjoint, then clearly
equivalently α is everywhere regular on E α .
Suppose that the supports coincide at a point x ∈ X. The maps
are given by matrices of rational functions on a neighbourhood of x. Since dim(X) = 1, we can assume that the numerators and denominators of each of these functions are relatively prime, and then in fact the denominators determine the maps. The key point is that by the identity
the denominators of the entries of the matrix (p − α) x are at worst the products of the corresponding entries of p x and α x . Since E α ∼ = Ker(p − α), each principal part in (p − α) x is rendered regular by evaluation at any e ∈ (E α ) x . But for regular functions a, g and h, if a gh is regular then clearly so is a h . Hence α itself is regular on (E α ) x .
The orthogonal case
There are obvious analogues to these results for the orthogonal case which are proven identically. For Lemma 3, we work with the standard bilinear nondegenerate symmetric form , , given by
and require α to be antisymmetric instead of symmetric in part (ii), and likewise in the orthogonal version of Theorem 4.
Example: Here we show how these results apply to the well-known case where n = 1. Suppose F → X is a line bundle and W is an extension 0 → F → W → F −1 → 0;
here Hom(F −1 , F ) = Sym 2 F , so Criterion 2 gives another proof of the well-known fact that every such W carries an X ×C-valued symplectic form. Similarly, we have Hom K(X) (Rat(F −1 ), Rat(F )) ∼ = Rat(Sym 2 F ).
Then the criterion for isotropy in Theorem 4 corresponds to the (obvious) fact that in rank 2 every line subbundle of W is Lagrangian.
Possible application: Let U symp X (2n, L) denote the moduli space of rank 2n vector bundles over X carrying an L-valued symplectic form. Following [6, § 6 & 7] , one might try to construct a cover of U symp X (2n, L) by the classifying map from the union of the extension spaces PH 1 (X, Sym(Hom(F, L), F ))
as F varies over some collection of rank n vector bundles over X. By Criterion 2, determining the fibre over a bundle W in the image of such a classifying map is equivalent to asking for certain Lagrangian subbundles of W . If n ≥ 2 then not every rank n subbundle need be Lagrangian; we hope that Theorem 4 may be of use in distinguishing those that are.
